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Abstract 

Poisson-Lie target space duality is a framework where duality trans- 
formations are properly defined. In this letter we investigate the dual 
pair of cr-models defined by the double SO(3,l) in the Iwasawa decom- 
position. 
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1 Introduction 



Target space duality was known as a property of two dimensional sigma mod- 
els with isometries. (For a review, see Ref.0 and references inside). Abelian 
duality is possible when the group of isometries of the target manifold is 
abelian . In this case @ ||, after gauging the isometry with a flat connec- 
tion and integrating out the gauge fields one obtains an equivalent theory 
defined in a target space with different background fields. The dual theory 
has also abelian isometries and when the duality transformation is performed 
again, the original model is recovered. This scheme was generalized ||] to 
consider non abelian groups of isometries. The dual model is obtained in the 
same way, but it may not have isometries anymore, so it is not possible to 
perform the duality transformation again to obtain the original model. It was 
clear then that duality should be understood in a more general framework 
where isometries will not play a fundamental role. In fact, duality transfor- 
mations can be seen as canonical, (perhaps non local) changes of variables 
|J, making manifest the unnecessary role of isometries. 

A step forward in order to clarify this question was given in Ref . |5| . The 
condition of symmetry was substituted by a weaker one. The model is not 
required to be symmetric, but there is still an action of a group G on the 
manifold and the Noetherian currents associated to this action are required 
to be integrable, that is, they are the components of a flat connection with 
a certain structure group G* with the same dimension than G. The duality 
transformation is then well defined and reflexive for the class of all models 
satisfying this property. The groups G and G* can not be chosen randomly; 
instead, they have to satisfy a compability condition, their Lie algebras are 
dual to each other in the sense that they define a bialgebra structure. The 
infinitesimal notion of bialgebra structure corresponds, when exponentiating 
to the group, to a Poisson-Lie structure. A Poisson-Lie structure is the 
classical limit of a quantum group, so we can see that duality transformations 
give rise to a rich structure that ultimately may be related to a quantum 
group. 

Few models |7], § have been explicitely constructed that are not examples 
of the original semi-abelian duality (that is, when the model has isometries 
so the dual group is abelian). In this letter we want to construct a new 
model. The group G is SU(2). The action on the target manifold is transi- 
tive and free, so the group itself can be identified with the target manifold. 
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The bialgebra structure is the standard one; then Drinfeld's double is just 
SO(3,l) ~ Sl(2,c) r . The dual group is solv(Sl(2,c) r ), given by the Iwasawa 
decomposition of Sl(2,c) r . 



2 Poisson-Lie T duality 

In this section we summarize the basic facts about Poisson-Lie T-duality || [7| 
We consider a two-dimensional a-model on a target manifold M described 
by the action 

S — J dzdz(gij + bij)dx l dx j = J dzdzE i jdx l dx i (1) 

where is the metric on M and 6^ is an antisymmetric tensor. The null 
coordinates z and z are given by 

We assume that a Lie group G acts transitively on M (not necessarily being 
an isometry) and let v a (x),a = l,...n the vector fields generators of the 
action of G on M. Under the infinitesimal transformations 

Sx* = e(x) a vi(x) (3) 

the action changes 

5S = J dzdz{e a X^Eijdx'Bx 1 }- J e a A dJ a (4) 

where J a are the Noetherian currents associated to the action of G, and are 
given by 

J a = Eijvldx j dz — Eijv{dx % dz (5) 
On the extremes of S, 8S = 0, one has 

dJ a = C Va E i jdx L dx j (6) 

and if C Va Eij = the currents are conserved. But we can relax the condition 
of symmetry and require instead that the currents are the components of a 
flat connection with certain structure group G* 

dJa = \l b a c J h A J c (7) 
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condition that is solved if Eij satisfies 

= ^vMEkjEu (8) 

Note that the symmetric case is only a particular case when the group G* 
is abelian. Surprisingly enough, the duality transformation is a well defined 
equivalence in the class of models satisfying this condition. 

Notice that there is a compatibility condition for Eq.@ when applying 
twice the Lie derivative. If c c ab are the structure constants of the group G, 
then the relation between both sets of structure constants 

J ^ab a pb , b aq _ a pb _ b aq ,qS 
°rs It ^rp Is ~ ^rq Is ^sp h ^sq lr \ u J 

should be satisfied. As we will see in next section, this defines a Lie bialgebra 
structure on G. It is shown in || that there exists a dual (equivalent) <r-model 
defined by a matrix where the role of groups G and G* is interchanged, 
that is, there is an action of G* on the target manifold of the dual model 
such that if v a are the generators of this action then 

C Va E t] = J b a c v k b v l c E kj E u (10) 

3 Manin triples and Iwasawa decomposition 

We briefly recall here the definition of a Lie bialgebra in terms of Manin triples 
In this paper we shall consider only finite dimensional Lie algebras. 
A Manin triple is a triple of Lie algebras (V,V+,V-) and a symmetric, 
non degenerate bilinear form Bon? such that 

1. V + and V- are Lie subalgebras of V, 

2. V = V + © V- as vector spaces, 

3. V+ and V- are isotropic for B. 

The bilinear form B determines an isomorphism between V\ (the dual 
vector space of V+) and P_. On V ~ V + © VI, B is given by 

B(X,Y) = 0, B{C,v) = 0, B((,X) = ((X), (, rj E V* + ; X, Y E V + 

(11) 

The isomorphism induces a Lie algebra structure on V\ (the dual Lie algebra 
of V, [ , ]p* . This is equivalent to give a cocommutator on V + 

5 V+ :V+^V + ®V + (12) 
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such that 



\CAv X {X) = 5 P+ (X)(C,v), (,veV* + ;Xe V + (13) 

The Jacobi identity for the Lie bracket on V (that leaves invariant the bilinear 
form B) is equivalent to the fact that 5-p + is a cocycle of the Lie algebra V + 
with values in V + <8> V + . So we arrive (for finite dimensional Lie algebras) 
to two equivalent definitions of Lie bialgebra, in terms of Manin triples or in 
terms of the cocommutator. 

Choosing a basis {X r ,r = l,...n} in V + and the corresponding dual 
basis in V*+ {C r , r — 1, . . . n} we have 

[X r ,X s }=c t rs X t , [C\C1=7rC, [C,Xs] = c r st ( t - 1 ?X t (14) 

and the cocycle condition is simply 

J ^ab _ a pb , b aq _ a pb _ b aq /-. r\ 

u rs It ^rp is ~ ^rq Is ^sp Ir ^sq Ir \ ±U J 

The Lie algebra V has a bialgebra structure itself given by 

5 V (X S ) = Ys'Xr A X t , 5 V (C) = c s rt C A C* (16) 

The inclusions V+ C V and (V-) op C V are homomorphisms of Lie bialge- 
bras. With this bialgebra structure, V is the double of V+, and the dual of 

V is isomorphic to the direct sum as Lie algebras V = V+ © V- 

We want now to describe the structure of a double for the Lie algebra 

V =sl(2,c) r . Let {H, X + ,X~} be the standard c-basis for sl(2,c). The com- 
mutation relations are 

[X + ,X~] = H, [H,X + ] = 2X + , [H,X~] = -IX- (17) 

The compact real form of sl(2,c) is /C =sU(2). /C is the r-linear span of 

{G = iH, E = X + -X~, F = i(X + + X~)} (18) 

with commutation rules 

[E, F] = 2G, [G, F] = -2E, [G, E] = 2F (19) 

In terms of the Pauli matrices 

-(! i). -(! o 1 ) -(i -0 <w) 
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we can write 

{G = ia 3 , E = ia 2 , F = ia l } (21) 

We will describe the double structure in terms of a Manin triple. In order 
to do that, we consider the Cartan decomposition [[UJ of sl(2,c) r , 

V = IC + ilC (22) 

A = spanjiJ} is a maximal abelian subspace of iK,. With respect to A there 
are two restricted roots, X + (H) = 2 and A_(if) = —2 with root subspaces 
£ + = span{X + ,zX + } and £_ = span{X~, iX~}. The Iwasawa decomposi- 
tion [|T(J of sl(2,c) r is given by 

V = K, + A + £+ (23) 

The vector space B = A + £ + is a solvable Lie subalgebra of V and the triple 
(V,JC,B) is a Manin triple with the bilinear form B given by (minus) the 
imaginary part of the standard inner product on sl(2,c) 

(X 1 ,X 2 ) v = -lm(X 1 ,X 2 ) (24) 

with 

(#,#) = 2, {H,X ± )=0, (X ± ,X ± )=0, (X+,X-) = 1 (25) 

Identifying B with K,* by means of the bilinear form B, the dual basis is 
given by 

{G=--H, E = iX + , F = -X + } (26) 
and the commutation relations in B are 

[E,F} = 0, [E,G} = E, [F,G} = F (27) 
The cocommutator in K, is then 

Sk(G) = 8 k (E) = EAG, 8 k (F) = FAG (28) 
The cocycle 5/c is a coboundary since there is a r-matrix r G /C ® /C 

r = -E A F (29) 

such that 

5kX = (ad x ® 1 + 1 <g> ad x )r (30) 
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4 SU(2) cr-model 



We want to consider now a cr-model whose target manifold is the group G 
itself. Eq.(||) can be explicitely solved in that case || |llj for the matrix E^. 

If G is connected and simply connected, any cocycle on Q (the Lie algebra 
of G) with values in Q <g> Q can be integrated to a cocycle in G with values 
in Q (g) Q. Given the cocommutator 8^ on Q, we denote by U R : G — > Q ® Q 
the corresponding cocycle in G. It satisfies the relation 

n*, = Ad a ®Ad g ii* + n* (si) 

The bivector II : G — > TG x TG translated from 11^ by the right action of 
G, Ug = (-Rj®-Rj)II^ is a Poisson structure in G compatible with the group 
law (the compatibility is given by Eq. fl31"D ) . 

Let us assume that the matrix E^ has an inverse i™. Then we can mul- 
tiply Eq.(|]) by F twice and using the fact that the Lie derivative commutes 
with contractions we obtain 

C^F* = (32) 

(1)% are the left invariant vector fields, generators of the right action of G on 
G). The matrix F is a bivector in TG x TG, so it can be written as 

F = Ffv* ® v? = FfR T g X a ® R T g X h (33) 

where are the right invariant vector fields and X a are a basis in Q. It 
is obvious that to any solution of Eq.(^) we can add a constant matrix 
R ab Va <S> v^. It is also easy to prove that F g b = —U^ ab is a solution to 
Eq.©. 

We want to compute the Poisson bivector in SU(2). An element x of 
SU(2) is given by a matrix 

x = x I — ix ■ a (34) 

where x = (xi,x 2 , x 3 ), a = (<Ti, cr 2 , cr 3 ) are the Pauli matrices of Eq.(pO|) and 
/ is the identity matrix. The determinant condition is equivalent to 

x 2 + x\ + x\ + x\ = 1 (35) 
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The group acts linearly on R 4 . The left and right actions are 



/ x 




~X 2 


-x 3 \ 


x 1 


x 




X 2 


x 2 




x 


—X\ 


\X 3 


-x 2 


Xl 


x J 



R, 



I x 




-X 2 


-x 3 \ 


Xi 


x 




-x-i 


x 2 


-x 3 


x 


X\ 


\x 3 




—X\ 


x J 



(36) 



As we remarked in section ^ the coalgebra structure on sU(2) is cobound- 
ary and the Poisson structure is given by the Sklyanin bracket 



with 



U(x) = (L T X ®L T X -Rl 



-E A F 



Rl)r 



where a is any real number. Explicitely it becomes 

U(x) =Tl ij (x)d i ®d j 



(37) 
(38) 

(39) 



/ 



ITHx) 



~X\X^ — X^X^ X^ ~\~ X*2 \ 



o 
o 

XqXi 






XqX 2 



~XqX\ 
~XqX2 





(40) 





X1X3 
x 2 x 3 
\-{x\ + x 2 2 ) 

Any Poisson-Lie structure is always degenerate, so the matrix H^{x) can- 
not be inverted. We need to add a matrix R l K We choose the inverse of the 
natural invariant metric on SU(2). Our model is then given by 



F ij = (E 



Stj - IF 



(41) 



It is easy to see that there is an interval of a's for which the matrix i™ can 
be inverted. 

Finally the action is 



S = / dzdz{E ij dx i dx j + a{x 2 - 1)} 



(42) 

Notice that our model satisfies Eq. @ for both, left and right invariant vector 
fields v a . 
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5 The dual model 



To write the dual model we need to describe the Poisson-Lie structure on 
solv(sl(2,c) r ). Since the bialgebra structure is not coboundary we can not 
use directly the Sklyanin bracket. Nevertheless, as remarked in section 3, the 
double, in this case sl(2,c) r , has also a bialgebra structure which is always 
coboundary and whose r-matrix is given by 

r — ^(G A G + E A E + F A F) (43) 

The Poisson structure in the double is now given by the Sklyanin bracket. 
Since solv(sl(2,c) r ) is a Poisson-Lie soubgroup of sl(2,c) r (except for a global 
minus sign) the Poisson bivector on solv(sl(2,c) r ) is given by (minus) the 
restriction of the Poisson bivector in the double. 

solv(sl(2,c) r ) is parametrized by exponential coordinates 

h = e*° V V* = ( I - h [i lhl ) (44) 

The multiplication of the bialgebra structure by a constant a as in Eq.(|38|) 
amounts here to a dilatation of the generators of the dual group (X i— ► aX). 
The coordinates h l are then the corresponding rescaled coordinates. In the 
basis {(9^0,(9^1,9^2} the Poisson bivector is the matrix 






2h 2 


2h> 


\ 




2h 2 


{{h l f- 


-(h 2 ) 2 + l) 


-e 2h ° 




2k 1 


-((h 1 ) 2 + (h 2 ) 2 + 1) + e 2h ° 





J 










(45) 



The other term in the action is precisely the inverse of the natural invari- 
ant metric on SU(2) given by the Killing form (we take Kij = — TrJQJfj/2 = 
Sij where Xj are the SU(2) generators). We are dualizing with respect to the 
left invariant vector fields, that is, the generators of the right translations. 
The dual model is given by 

S = J dzdz{[K~ l - U^idhh^dhh- 1 } (46) 

or, in terms of 11^ 

S = J dzdz{{A h - Il^dVdW)} (47) 
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Figure 1: Dressing transformations. 



where 

/ 1 \ 

A h = e 2h ° (48) 
V e 2h ° j 

It is easy to see that the matrix Ah — 11^ is invertible for all the range of 
values of h l . 

One way of relating both models is through the dressing transformations. 
An element / of the double D is uniquely decomposed as I = gh where g G G, 
h G G*. In our case, this decomposition is global since it corresponds to the 
Iwasawa decomposition on sl(2,c) r , so D = G x G* as manifolds. We have 
then on D a structure of principal fibre bundle over G with structure group 
G*. The decomposition can also be written as / = hg, and in this case we 
are viewing D as a principal fibre bundle over G* with structure group G. 
The right action of G on D moves us along the fiber. But we can define 
a left action of G on G*. To each point h G G* and s G G we associate 
the projection h! = irc*(sh) G G* (see Figure 1). It is easy to show that 
this is a well defined left action of G on G*. The orbits of this action are 
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the symplectic leaves of the Poisson structure on G*. Let g(z,z) G G be an 
extremal surface of the original model (0), and let h(z, z) G G* be a solution 
of (|6|) for the same model, that is, 

J(2, z) = h(z, z)d~h- l (z, z) (49) 

Following || one can lift the extremal surface to D = G x G* by z) = 
g(z,z)h(z,z). The projection of l(z,z) onto G* by means of the opposite 
decomposition l(z,z) = h(z, z)g(z,z) defines an extremal surface h(z,z) of 
the dual model. So we see that "on shell" dressing transformations have the 
property of sending a solution to the conservation law in the original model 
to a extremal surface in the dual model. In this way, we realize the property 
of duality transformations, that is, they interchange Bianchi identities with 
equations of motion. 

For completeness, we give here the dressing transformations of SU(2) 
acting on solv(sl(2,c) r . We parametrize SU(2) by exponential coordinates 

g(g°,g\g 2 ) = e^ lE e^ (50) 
Each of the uniparametric subgroups acts on h G solv(sl(2,c) r as 

1. g = e tG 

h° = h° 

h 1 = -h 2 sin(2t) + h 1 cos(2t) (51) 
h 2 = h 2 cos(2t) + h 1 sin(2t) 

and the infinitesimal transformation is given by 

X G = h°dh° + h l dh 2 - h 2 8h l (52) 

2. g = e tE 

e h ° = e~ h ° [sin 2 t(l + (h 1 ) 2 + (h 2 ) 2 )] + e h ° cos 2 1 + 2(cos t sin t)h 2 

h 1 = h 1 (53) 
h 2 = cost sin t[e- h °(l + (h 1 ) 2 + (h 2 ) 2 ) - e h °] + (cos 2 t - sin 2 t)h 2 

and the infinitesimal transformation is 

X E = 2e~ h °h 2 d h o + [e- h °(l + (h 1 ) 2 + (h 2 ) 2 ) - e h °}d h2 (54) 
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3. g = e tF 

e h ° = sm 2 te- h °{l + (h 1 ) 2 + (h 2 ) 2 ) + e h ° cos 2 t - 2k 1 sin t cost 
h 1 = -costsmt[e- h °(l + (h 1 ) 2 + (h 2 ) 2 )-e h °] + (cos 2 1 - sin 2 t)h l (55) 

' / i 2 ==/i 2 

and the infinitesimal transformation 

X F = -2h 2 e- h °d h o + [e- h °(l + (h 1 ) 2 + (h 2 ) 2 ) - e h °]d h 2 (56) 



6 Conclusions 

In this letter we have explicitly constructed a dual pair of sigma models re- 
lated by Poisson-Lie symmetry. The target manifolds are respectively SU(2) 
and SL(2,c) r /S , f/(2) «SO(3,l)/SO(3). The models are complicated and no 
solutions to them are known, but since the framework of Poisson-Lie sym- 
metry seems to be the appropriate one to define duality transformartions, 
we believe that non-trivial examples may be useful in future applications. In 
particular, the quantization of these models may give rise to a connection 
with SU(2) g , problem that at this moment remains open. 
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8 Note 



After writting this letter we were informed of a preprint [T2] where a similar 
model was considered in the context of the renormalization group. 
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